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DEFORMATION CHARACTERISTICS
OF LAMINAR COMPOSITES UNDER NONLINEAR STRAINS

A. G. Kolpakov' and S. I. Rakin? UDC 539.3

It is shown that the type of governing relations in a composite can change, namely, a laminar com-
posite formed by layers of physically linear materials under nonlinear strains should be described by
nonlinear Hooke’s law. Local stresses can be not proportional to elastic constants of the layers under
nonlinear strains.
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Formulation of the Problem. Composites can possess macroscopic properties different from the prop-
erties of their constituents [1]. Examples of qualitative changes in composite properties, however, are few [2—4].
We consider a specimen of a laminar material of unit thickness (Fig. la) and the corresponding specimen of a
homogeneous material (Fig. 1b). The requirement of infinite extension of the specimens along the 1 and xo axes
eliminates the problem of the edge effect. Let these specimens have identical strains “as a whole”. We calculate
their responses to these strains by determining the forces at the specimen boundaries. Our objective is to introduce
the governing equations for the homogeneous specimen so that both specimens have identical responses to identical
strains. We consider specimens infinite in the plane Ozqx2 (to avoid problems associated with edge effects) and
extended from 0 to 1 along the Ox3 axis.

Obtaining Averaged Governing Equations. For the homogeneous specimen, we consider the displace-
ments

U1 = V1121 + V12T2 + V133,

1

Uy = V1221 + V2202 + V2323, U3 = V13%1 + V23T2 + VU33T3, W
which satisfy the equilibrium equations for the homogeneous body and, for various v;;, correspond to all types of
basis deformations (extension along the axes and shear). We consider deformation of the laminar specimen with
displacements (1) identical to those in the homogeneous specimen set on its boundary z3 = 0 and 23 = 1. We
seek the solution of the problem of the elasticity theory in the form of a sum of homogeneous displacements (1)
(deformations of the homogeneous specimen) and local displacements v;(x3), which do not alter strains “as a whole”:

Uy = vi1x1 + v1222 + v1323 + v1(23),

(2)

Us = vi221 + V2222 + v2373 + v2(23), Us = vi3x1 + V232 + v33x3 + v3(x3).

For displacements (1) and (2) at the specimen boundaries to be identical, the functions vy, ve, and vz should
vanish at z3 = 0 and x3 = 1:

vi(0) =vy(1) =0, i=1,2,3. (3)
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We require satisfaction of equilibrium equations of the elasticity theory (we use nonlinear equations of the
elasticity theory written in a nondeformed coordinate system):

(O'nk((sak + Ua,k)),n =0, n, o, k= 1,2,3. (4)

We verify that functions of the form (2) can satisfy the equilibrium equations (4). We consider the nonlinear
strains

Eij = (um' + w5+ uk7iuk7j)/2. (5)
The strains of the composite calculated by formulas (2) and (5) have the form

2 2 2
e11 = vi1 + (v1] + iy +013)/2, €12 = v12 + (V11012 + V12022 + V13V23) /2,

e . //2+ / / ! 2
13 = V3 V13 + (V11013 + V12023 + V13033 + V V11 + Vyv12 + VsU13) /2,

_ _ 2 2 2 /9 _ _ 6

€12 = €21, €22 = U2 + (Vig + vy + v33)/2, €13 = €31, €23 = €32, (6)

/ ! / A

€23 = Uy/2 + a3 + (V12v13 + V22023 + V23U33 + V] V12 + VyV22 + VV23) /2,

/ 2 2 2 2 2 12 / / I
€33 = U3 + 33 + (viz + vz + Uiz + U + vy + 5 )/2 4 v1v13 + Vyvas + Uzvss

(the prime denotes derivatives with respect to x3).
We denote the strains of the homogeneous body calculated by formulas (1) and (5) as €}

* * *
€11 = €11, €1y = €12, €13 = U1z + (v11V13 + V12V23 + V13V33)/2,
* * *
€5 = €21, €3o = €22, €55 = Vag + (V12013 + Va2V23 + Va3v33) /2, (7)
* * * 2 2 2
€31 = €31, €39 = €32, €33 = U3z + (V13 + va3 + v33)/2.

The values of €}; determined by formulas (7) are nonlinear strains “as a whole.” They should be identical for the
laminar and homogeneous bodies.
The following procedure is useful for solving the problem. We consider the products £},v;:

* ! ! oy . .
€1iV; = UkiV; + U v5v;  (summation over j). (8)

Since v; are of the same order as £}; and v;;, we can omit terms higher than those of the second order in Egs. (8)
as being small; then, the following equalities are valid:

E5iVL = ViVl (9)
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Using equalities (9), we can write Eq. (6) in the form

€11 = €11, €12 = €19, €13 = €13 + V1 /2 + (e];v] + €105 + £1305) /2,
* * * ! * ! * ! * !
€22 = €99, €21 = €19, €23 = €53 + Up/2 4 (€190 + 2205 + €3303) /2, (10)

Lk / * o/ * o/ * o/ 2 12 /2
€33 = €33 + V3 + €130] + 5305 + 3303 + (vi” + vy +v5)/2.

Hence, we can express the nonlinear local strains €;;; in the laminar composite via the nonlinear strains €}, “as a
whole” and the derivatives of the local displacements v.

We consider layers of physically linear materials. For these materials, Hooke’s law in the nondeformed
coordinate system is

11 = (A +2p)err + Meaz +€33) = (A +2u)el; + Aesy
+ Megs + v + 1501 + 5505 + £5305) + AV + 05" + v57) /2,
0992 = (A4 2u)eae + Merr +e33) = (A + 2u)eds + ey (11)
+ A(Ehs + vh + 150] + 330 4 €5308) + AW + 0B+ viR) /2,
o12 = 2pE12, 013 = 2pE13, 021 = 012, 023 = 223,

031 = 013, o33 = A(e11 + €22) + (A + 2p)ess,

where o;; are the stresses in the nondeformed coordinate system.
Let us consider the equilibrium equations. Since all functions depend only on one variable x3, the equilibrium
equations (4) acquire the form

(0nk(bar + UL)) = 0. (12)
Equations (12) yield the equalities

0'13(1 + 6’{1) + 0'235:“;2 + 0’33(8?3 + Ui) = (13 = const,
013€T2 + 0'23(1 + 5;2) + 0'33(533 + 'Ué) = 023 = COI’lSt, (13)

0'13€T3 + 0'23553 + 0'33(1 + €§3 + ’Ué) = 033 = const.

The quantities C;3 have the meaning of stresses with the subscripts i3 and 3i in the deformed coordinate system
(“true stresses”).
Substituting strains (10) into the system of Hooke’s law (11), we obtain

013 = 2pels + pvy + p(ET1 V] + 1505 + £1305),
O3 = 2155 + (105 + (1501 + E59U5 + €5303), (14)

o33 = A}y + €35) + (A + 2u)[e53 + v + e550] + €55vh + 3305 + (v + 05 + v5)/2).

We introduce the notation

A= a ) B = A ) qlzﬁa qQZ%a
A+ 240 A+ 240 I I
15
_ _Cis _ O _ s (15)
L=t PP NTow P aaaw

Note, the quantities introduced in (15) are functions of the variable x3.
Substituting (14) into (13), with allowance for notation (15), we obtain the following relations:

2Ael; + Avy + e71v) + 247505 + (A + 1)elav3 + 13655 + 3307 + v1v3

+ 71613 + Belaesy + Begouy + 245653 = p1,
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2Aehs + Avy + 3905 + 2Ae750] + (A + 1)e5305 + 33655 + £3305 + vou3 (16)
+ €59€53 + Beggel) + Bel vh + 2Aetyels = pa,
Be}y + Beby + 33 4+ v5 + (A + 1)efav] + (A + 1)esqvh + 3ebzvs + (v + v + vf) /2

+ 2432 4+ 2432 + Be}ehy + Bedoehs + Bel vh + Bebovh + 52 + v = p3.

System (16) relates the derivatives of the local displacements v; with strains “as a whole” €7;. We resolve
Eq. (16) with respect to v [with respect to these variables, Eq. (16) is a system of three nonlinear algebraic
equations]. From the first two equations, we express v] and v4 as functions of v4:

v) = p1/A — 2613 4 €15(e]; +€33) /A — 2619653 + Belzesy/A
— 265,05 + (1/A — 1)efvs — p1(ef) + 33 + Beby + v3) /A%,
U/2 = p2/A — 253 + e53(e30 + €33) /A — 275673 + Bejiea3/A (17)

— 2e5,0] + (1/A — 1)e33v5 — pa(Bel, + €55 + €5, + v5) /A%

Since v} and vy are included into the third equation of (16) in combinations with ¢};, we can eliminate terms
of the second order of smallness in (17), because, together with €;;, they produce quantities of the third order. As
a result, we obtain

v] = p1/A — 255, vh = pa /A — 2e5s. (18)
Substituting these values of v} and v4 into the third equation of (16), we obtain the following equation for v:

305 /2 + vy (1 + 355 + Bejy + Beyy) + 33 + B(e}, + €59) + Be} ehg + Beyehy + €53

— €131 — €33¢2 + P1€ls + P2e3s + (6 +03)/2 — ps — €l3q1 — €33¢2 = 0. (19)
Equation (19) is a quadratic equation with respect to v4. Its solution has the form

vy = —(1/3 + €53 + Be}, /3 + Besy/3) + [L + 3e33 — 4B(e5) + €5,) + B (€77 + 2¢7 165, + €53)

— 6p1ei5 — 6pacsy — (a7 + 43) + 6ps + 6ci5q1 + 6<5305]"/%/3. (20)

The second root is rejected because it is inconsistent with low strains.

Expression (20) is inconvenient for subsequent calculations (because of the radical in this expression). Ne-
glecting terms of the second order, we expand the radical into the Taylor series in the neighborhood of the point
€;; =0, pi =0, ¢ = 0. As a result, we obtain that the radical in (20), with accuracy to second-order small terms,
equals

9 5, 3 . 3 A2

A * * 3 3 * *
1+3P3—2m(511+522)—§CJ%—§qg—§P3+§533—§m(51%+52§)

2

A
— 3ei3p1 — 3e53p2 + 6 ——— (e]1p3 + &5 —3———¢]1659 + 3eT3q1 + 3e53¢0.
13P1 23P2 X+ 2 (e11p3 32P3) O+ 20)? 11€22 1391 2392

After that, Eq. (20) acquires the form

’U3:_(§+533+§511+§EQ2) +§|:1+3p3—2m(511 +522)
3 3 9 3, 3 A2 . . . .
—3 @ — 5 % — 5193 + 5533 T2 0t 202 (e +€53) — 3eTap1 — 3e33p2
+6L (€11p3 + €59P3) 3/\725* €59 + 3el3q1 + 3¢5 } (21)
X124 11P3 2203 O+ 20)2 11€22 1391 2342 -
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Formulas (18) and (21) yield an explicit expression for the derivatives of the local displacements v} in terms
of the strains “as a whole” };. By virtue of the boundary conditions (3), we have v3(0) = v3(1) = 0. Therefore,

1

/vg(xg) dxs = 0.
0
We introduce the mean value over the package thickness by the formula

1
/ f(x3) dzs.
0
Then, we can write (v5) = 0.
We substitute v4 into the last equality according to (21) and replace p; and ¢; by their expressions in terms
of C13, Cas, and Cs3 according to (15). By averaging the result, we obtain

33<ﬁ> =e33 + <ﬁ>(fff1 +€39) +%Cl23<%> + %C§3<%>

+gC§3<7(>\+12u)2> ; et <(>\+)\22)>(5T%+E§§)—0135’f3<;>—023533<;>

+ C13£Tg<ﬁ> + Ca3e 23<>\ j2u> - 2033<ﬁ>(571 +€59) + <(>\j\22u)2>5$f15§2~ (22)

From the equality (v}) = 0, in a similar manner, we obtain

1 1 A 1
i) =i+ 2o ) = e (g e i+ 260
13 " €13 + 2611013 " €11€13 Nt 2 €13(e50 +€11) + 267,023 "
1
+ e7,C <7>—25*5* — gfaehs — el C < >+C C < > 23
13033\ X g 12523 ~ €13833 — F13033( ) 13330 2 (23)

From the equality (v}) = 0, we obtain

1 1 A
C <7> = 2eha + 2e7,C <7> — 2t et — <7>€* €5y + €7
23 u 23 12013 " 12€13 N+ 2 53(€32 +€71)

1 1 1
+e55C <7>+25*C <7>—25*5* — €53E55 — £53C < >—|—C C < >
BEB\ N+ 2u 2B\ 22623 — €23€33 — 23033 23033\ 2

We represent the local stresses Cy; in the deformed coordinate system in the form [5] C:LOZ-C = Ok (Oik + Ui k).
In particular, the following equalities are valid:

loc
Cif = o +o1Uiq +012Ur 2 + 01301 3,

(24)
C1% = 012 + 011Us1 + 012U 0 + 013023,  Chy = 022 + 021Us1 + 022Un 2 + 023Us 3.
We average the local values C}9¢ (24). With allowance for (2), we obtain
Cii = (O1F) = o (1 +&7y) + F128], + Fusely,
(25)

Cr2 = (C1%) = F1a(1 +3) + OneTy + Tusess,  Coz = (C5F°) = Goa(1 + €5y) + F1ely + Tasis.

We substitute o;; according to (11) and U; according to (2) into (24). Then, we obtain the following
expressions for the local stresses C};’C (i, =1,2):

Css A

O = (A +2u)ely + by + (N +20)e37 + Aejredy + A N2 A ton

(671 +€32)

_ C§3 +C A (8* +€*)—C 61(3 —C 533:|
A +2u)2 " B (A g2u2 TR B o TP N2y
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A A2 C?
1 (€51 + e5y)er, + 2uels + f — Ci3€l3,

Cag — 2 g* 2
O T T T N o

Css A

O35 = (A 2m)es + Aty + A+ 2023 + Aehish + A 300 —

(11 +€30) (26)

Oz T g T TR T e g T e

2 * *
Css A €13 €23 }

2 2

A C.
+C 5* _ 5* + 6* 6* _|_ 2 6*2 + 23 _ C 5* 7
33 X+ 2u 22 )\+2,u( 11 52)52 HE12 Tb 23€93

Css A
A+20 A+2u

We perform averaging in (26) and take into account that (C}‘;C> = (}; according to (25). As a result, we
obtain the following equations for 611, G292, and G19:

a11(1+e7y) + T12e7y + F13els = (A +21)e7; + (A\ega + (A + 2N>5T% + (Net1852

. X .y . C13C23
C1¥ = 2uety + (A +20) (71 + £35)eTs + €10A

(5 + )| + ~ Cusehy.

+ <>\ ‘:\2H>633<1 +e33) — <)\4):22,u>(€ﬁ +e32) — 6§3<(/\ +)\2'u)2> + <(/\ :\ZM)Q >533(5’{1 +€59)

2

A — * * * *
+ < >‘733511 — (el + 622)511<

* — 1 — *
N+ 2 >+2<M>€1§+0'%3<;>—013513a

A2
Foa(1 4 €39) + 512615 + Fasess = (A4 2u)edy + (Nei; + (A + 2u)eds + (Net €5, (27)

+ <>\ j\2/l>&33(1 +e33) — <)\J);22H>(5>1k1 +€59) — 5§3<(>\ +)\2,u)2> + <(>\ ﬁzu)g >533(5>1k1 + €59)

2

A — * * * *
+ < >033522 — (el + 522)522<m

" 1 L
A+ 24 >+2<N>51§+U§3<;> — 023853,

T12(1 + €39) + 11672 + 13653 = 2(p)eTa + (A + 2u) (67; + €39)eT2

A * = * * * )\2 _ 1 _ "
+ <m>512033 — (e + 522)512<m> + 013023<;> — 013€23.

Substituting the values of Ci3, Ca3, and Csz from (12) into (22) and (23), we obtain the following relations
between the stresses 7;; in the nondeformed coordinate system and the strains “as a whole” €7;:

i7"
— 1 * A * *
0 = —033<4)\+2M> +€33 + <A+2M>(511 +€22)

+go(ou(iz) ~ () + g7 (on () —2eia( )
2013 013 N2 €13 I 2023 023 ’u2 €93 0

+ %[5§3<m> ~20s3(eh + 532)< (A +A2u)2> + <(A ﬁ;uﬁ >(€Tl +e5) - Egg]

+os ol )~y ae) ~ o)~
0= 613<%> — 2eis + €11 (25’{3 — 613<%>> — 033 (613<%> — 2ei3<i>) (28)

o ) o)~ )] -2} 258),
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Equations (27) and (28) are the governing equations for the laminar specimen “as a whole,” written in the
nondeformed coordinate system in an implicit form. They relate the stresses &;; in the nondeformed coordinate
system and the strains “as a whole” &7;.

Homogeneous Material. For A = const and p = const, the material in each layer is homogeneous, and the
relation between the strain and stress should be linear. Indeed, the averaged law (27), (28) in this case becomes
linear.

Linear Case. For low strains, eliminating second-order terms in Eqs. (27) and (28), we obtain the linear
averaged Hooke’s law. It coincides with the averaged Hooke’s law for the linear-elastic laminar composite [4].

Investigation of Averaged Governing Relations. Equations (27) and (28) relate the averaged stresses
7;; and strains “as a whole” ¢j;. The strains €}; are calculated by the nonlinear theory [relations (27) and (28) are
Hooke’s law for the laminar package “as a whole”). The local (for each material) Hooke’s law (11) is physically
linear. Law (27) and (28) in the general case is nonlinear, because it is possible to choose A and p so that (27), (28)
are not perfect squares.

As an example, we consider the case of uniaxial strain: €35 # 0, and the remaining ¢7; = 0. In this case, all
shear stresses &;;, except for 733, equal zero, and only one equation remains from relations (27), (28):

o5y +o— 5 (8 - pryg)) + o (g~ b)) =0

This is a quadratic equation with respect to gs3. Solving this equation, we obtain the stress 33 as a function of the
strain £5;. The dependence of 33 on €45 is plotted in Figs. 2 and 3 for different composites of two species (curve 1).
The data in Fig. 2 are shown for the following parameters of the layers: E; = 10, E5 = 110 (10° Pa), v; = 0.25,
vo = 0.3, and relative thicknesses of the layers h; = 0.3 and hy = 0.7. The data in Fig. 3 are given for E; = 10,
Ey =110 (10° Pa), v; = vy = 0.15, and relative thicknesses of the layers h; = 0.1 and hy = 0.9. The straight line 2
shows the dependence of 33 on &%, for the linear-elastic composite with the same parameters of the layers (the
dependence was calculated by formulas from [4]).

The calculations show that the dependence G33(e%3) almost coincides with the linear Hooke’s law for ¢* < 0.05
and starts to deviate from the linear law at * > 0.05; the deviation can reach 10% in the interval 0.05-0.1.

753



loc ~ loc
Cll ’ 022

300

o1
250 =2 S

* 3 *

4

E3
200 .
3

150 *

100 o
* ¥ /

* _
50 % = i o+ +
* —- 4+ o+t F 1
) +T+/i‘ tat a T = = = =B
0 0.2 0.4 0.6 0.8 1.0
Fig. 4

The deviation from the nonlinear law increases with increasing ratio of Young’s moduli of the layers and
with decreasing thickness of the soft layer. The reason is the high strains in the soft layer.

The observed influence of both material characteristics of the layers and strains on the averaged characteris-
tics of the composites is most obvious in the above-considered case of linear-elastic layers. The effect also holds for
nonlinear-elastic layers. Indeed, the nonlinear stress-strain relations can be approximated by linear relations in the
neighborhood of specified strains, and the effect is valid in this case. If nonzero strains are taken as the specified
strains, the problem of the theory with initial stresses should be averaged [6].

Investigation of Local Stresses. Formulas (26) yield an expression of local stresses via strains “as a
whole”. We consider the case of biaxial strain in the plane of the layers. Let the stresses applied to the composite
have the form Ci1 # 0, Caa # 0, and the remaining stresses be C;; = 0. Averaging (26), in the case of biaxial
strain, we determine the dependence of the mean stresses C1; and Cag on the strains €]; and €3, from the following
system of algebraic equations:

* * * A2 * * * * )\2 * * *
Cr1 = (A +2u)et; + (N)esy + (A + 2u)ei] — <m>(511 +€59) + (Neli852 — <m>(511 +€39)€11,

2 (29)

A4 2p

)\2

Caz = (A + 2u)ed, + (\)et; + (A + 2u)els — < A+ 24

Mt + e52) + Netashy — (520 YEh + o)l

To calculate the local stresses C%?C by formulas (26), we have to know ¢, and €3,, which are found by solving (29)
with respect to these quantities. We seek the solution by expanding into a series in terms of the quantity J, which
has the order of strain. We retain terms of the series of the second or lower order in terms of §. The solution has
the form
Cn
T 20— N2+ 2p0)

. L—nt oYt —yt2 +qt—1 . Y=t =Vttt
=07 0 (1—-¢2)2 7 =07 pte (1—1¢2)2 ’

where v = C2/Cy11 and t = (A — A2/(A +2u)) /(A + 2 — A2/ (X + 2p)).
For a composite formed by layers of two materials, we determine the local stresses in each layer as functions
of the mean stresses C1; and Cay. Substituting (30) into (26), we obtain the following expressions for C13¢ and C15¢:
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ot = DL [ o= e x50
et { P = A -0+ - 3 o -0},
oyt = TEZIEEN D= 2o n- 0) (31)
v {Peoram— )00+ - s ]a -0}

(i =1, 2 are the numbers of the layers).

For Cs5 # 0 and Cyy # C41, the local stresses are quadratic functions of the mean stress C1;.

The dependences of CI5¢ and C13° on § in each layer are plotted in Fig. 4 for By = 140, Fy = 14, vy = 0.1,
vy = 0.4, and h = 0.4. Points 1 and 2 refer to C}5° in the first and second materials and points 3 and 4 refer to
C3° in the first and second materials, respectively; the solid and dashed curves are graphs of C; = (C]5¢) and
Coy = (CL°), respectively.

Note, for v = 0, CI5° is not quadratic, whereas C33¢ is quadratic.

In the linear-elastic composite, the stresses in the layers are proportional to rigidity of the layers and to
mean stresses [1, 4], i.e., for the linear-elastic composite, formulas (31) contain only terms linear with respect to ¢.
Appearance of a quadratic term in the nonlinear case means that the distribution of stresses between the composite
layers acquires a qualitatively different character if the strains become high.

The authors are grateful to V. M. Kornev who recommended to analyze local stresses in the layers.
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